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Abstract
Let S be a compact, orientable surface of hyperbolic type. Let (k+ , k− ) be a pair of negative
numbers and let (g+ , g− ) be a pair of marked metrics over S of constant curvature equal to
k+ and k− respectively. Using a functional introduced by Bonsante, Mondello and Schlenker,
we show that there exists a unique affine deformation  := (ρ, τ ) of a Fuchsian group such
that (S, g+ ) and (S, g− ) embed isometrically as locally strictly convex Cauchy surfaces in
the future and past complete components respectively of the quotient by  of an open subset
 of Minkowski space. Such quotients are known as Globally Hyperbolic, Maximal, Cauchy
compact Minkowski spacetimes and are naturally dual to the half-pipe spaces introduced
by Danciger. When translated into this latter framework, our result states that there exists a
unique, marked, quasi-Fuchsian half-pipe space in which (S, g+ ) and (S, g− ) are realised as
the third fundamental forms of future- and past-oriented, locally strictly convex graphs.
Keywords Isometric immersions · Teichmueller space · Minkowski space
Mathematics Subject Classification 30F60 · 53C50

1 Overview
Let S be a compact, orientable surface of hyperbolic type, and let (g+ , g− ) be a pair of marked
metrics over S. In [9], Labourie proved that when these metrics have constant curvature
equal to k± ∈] − 1, 0[, there exists a marked quasi-Fuchsian hyperbolic 3-manifold M,
unique up to orientation, into which (S, g+ ) and (S, g− ) embed isometrically as locally
strictly convex surfaces in each of the components of the complement of its Nielsen kernel.
As a consequence, Labourie obtained a 2-dimensional, real-analytic family of real-analytic
parametrisations of the space of marked quasi-Fuchsian hyperbolic 3-manifolds by two copies
of the Teichmüller space of S. In particular, this family interpolates between the double
parametrisation of Ahlfors–Bers and the double parametrisation, conjectured by Thurston,
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in terms of the intrinsic hyperbolic metrics of the two sides of the convex hull (c.f. Theorem
5.3 of [7]).
In [11], Labourie extended the existence part of this result to the case where g± have nonconstant curvature in ] − 1, 0[ and uniqueness was subsequently proven by Schlenker [13].
Schlenker proved furthermore that, under similar, though slightly stronger, hypotheses, there
also exists a marked quasi-Fuchsian hyperbolic manifold, which is unique up to orientation,
in which (S, g+ ) and (S, g− ) are realised as the third fundamental forms of locally strictly
convex immersions in each of the components of the complement of the Nielsen kernel. That
is, the initial result of Labourie, which concerns the prescription of first fundamental forms,
has a precise analogue concerning the prescription of third fundamental forms. A classical
duality argument (c.f. [6]) then shows that this latter result is equivalent to the existence of
a unique, time-oriented, marked quasi-Fuchsian de Sitter spacetime into which (S, g+ ) and
(S, g− ) embed isometrically as locally strictly convex Cauchy surfaces in its future and past
components respectively.
This result was adapted to the anti de Sitter case by Bonsante et al. [4]. To be precise, they
show that when g+ and g− have constant curvature in ] − ∞, −1[, there exists a marked,
time-oriented, quasi-Fuchsian anti de Sitter spacetime into which (S, g+ ) and (S, g− ) embed
as locally strictly convex Cauchy surfaces in its future and past components respectively. In
this case, the same duality argument mentioned above yields the analogous result concerning
prescription of third fundamental forms of surfaces in anti de Sitter spacetimes. The existence
part of Bonsante, Mondello and Schlenker’s result is extended to the case of metrics of nonconstant curvature by Tamburelli [14]. However, even in the case of constant curvature,
Bonsante, Mondello and Schlenker only proved uniqueness when the curvatures k± of g±
are related by
(k+ + 1)(k− + 1) = 1,
and the problem of uniqueness in its full generality remains unsolved.
In this paper, we will be concerned with the intermediate case between quasi-Fuchsian
hyperbolic manifolds and quasi-Fuchsian anti de Sitter manifolds. This is known to be that of
quasi-Fuchsian co-Minkowski (or half-pipe) manifolds, introduced by Danciger in [5] (c.f.
also the review [3] of Barbot and the first author). Here, the ambient space carries a natural
degenerate metric preserved by a natural covariant derivative of constant curvature equal
to −1. From these properties it follows that any smooth graph is intrinsically hyperbolic.
In the present paper, we adapt the above results to the half-pipe case and show that, given
two marked metrics (g+ , g− ) on S of constant negative curvature, there exists a unique,
marked half-pipe space into which (S, g+ ) and (S, g− ) are realised respectively as the third
fundamental forms of future- and past-oriented locally strictly convex graphs.

2 Definitions and statement of result
By duality, our result has an equivalent statement in terms of Minkowski spacetimes, which
arise in the theory of general relativity. This is the framework that we will use throughout
the sequel (we refer the reader to [7] for an in-depth review). A Minkowski spacetime is
a semi-riemannian manifold which is everywhere locally isometric to R2,1 . A smoothly
embedded curve in a Minkowski spacetime is said to be causal whenever its derivative
has non-positive norm-squared at every point. A Minkowski spacetime is itself said to be
causal whenever it contains no non-trivial, closed, causal curve. A causal spacetime is said
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to be globally hyperbolic whenever it contains a Cauchy hypersurface, that is, a smoothly
embedded hypersurface that meets every inextensible, causal curve exactly once. A globally
hyperbolic spacetime X is said to be maximal whenever it cannot be isometrically embedded
into a strictly larger globally hyperbolic spacetime X  in such a manner that the Cauchy
hypersurfaces of X are mapped to Cauchy hypersurfaces of X  . Finally, a globally hyperbolic
spacetime is said to be Cauchy compact whenever its Cauchy hypersurface, which is unique
up to diffeomorphism, is compact. A Minkowski spacetime which possesses all the above
properties is said to be GHMC (Globally, Hyperbolic, Maximal and Cauchy Compact).
Let GHMC0 [S] denote the space of all marked, GHMC Minkowski spacetimes with
Cauchy surface diffeomorphic to S where we recall that S is a compact, orientable surface of
hyperbolic type. We recall the explicit parametrisation of GHMC0 [S] in terms of algebraic
data constructed by Mess in [12] (c.f. also [1] and [7]). To this end, we first introduce affine
deformations. Thus, let π1 (S) denote the fundamental group of S. A homomorphism ρ :
π1 (S) → SO(2, 1) is said to be Fuchsian whenever its image acts properly discontinuously
without torsion on H2 . An affine deformation of S is defined to be a pair (ρ, τ ), where ρ is
a Fuchsian homomorphism and τ : π1 (S) → R2,1 satisfies the ρ -cocycle condition
τ (gh) = τ (g) + ρ(g)τ (h),

(1)

for all g, h ∈ π1 (S). Every affine deformation (ρ, τ ) identifies with a homomorphism g  →
(ρ(g), τ (g)) of π1 (S) into the twisted product SO(2, 1)  R2,1 , where the group law of the
latter is given by
(g, X ) · (h, Y ) := (gh, X + gY ).

(2)

In the sequel, ρ will be called the Fuchsian component of the affine deformation, τ will be
called its cocycle and the image of the above homomorphism will be denoted by ρτ . Finally,
recall that the space Trep [S] of SO(2, 1)-conjugacy classes of Fuchsian homomorphisms
coincides with the Teichmüller space of the surface S. In like manner, the space of SO(2, 1)
R2,1 -conjugacy classes of affine deformations identifies with the tangent bundle TTrep [S] of
Trep [S] (c.f. [8]).
Observe that SO(2, 1)R2,1 is the identity component of the group of rigid, affine motions
of R2,1 . In [12] (c.f. also [1]), Mess shows that, for every affine deformation (ρ, τ ), there
exists a unique pair K + and K − of convex subsets of R2,1 such that
(1)
(2)
(3)
(4)

all supporting normals to K ± are either timelike or null;
K + and K − are respectively future- and past-complete;
ρ  τ acts properly discontinuously over the interiors of K + and K − ; and
 , K  ) is another pair
(K + , K − ) is maximal among all such pairs in the sense that if (K +
−
2,1
 ⊆ K and
of convex subsets of R possessing the above three properties, then K +
+

K− ⊆ K−.

Remark 2.1 It follows from the definition that K + (resp. K − ) is the region in R2,1 bounded
below (resp. above) by a strictly convex (resp. concave), Lipschitz graph over R2 .
The interiors of K + and K − are referred to respectively as the Mess’ future and past
domains of the affine deformation (ρ, τ ). The quotients K ± /(ρ  τ ) define respectively
future-complete and past-complete, marked, GHMC Minkowski spacetimes. Furthermore,
two affine deformations yield the same marked, GHMC Minkowski spacetime if and
only if they lie in the same conjugacy class, and all future- and past-complete, marked,
GHMC Minkowski spacetimes arise in this manner. This concludes the construction of
Mess’ parametrisation of GHMC0 [S] by TTrep [S]. In particular, this identification furnishes
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GHMC0 [S] with a real-analytic structure. Furthermore, we see that every marked, GHMC
Minkowski spacetime X in fact consists of one future-complete component X + and one
past-complete component X − .
Let Thyp [S] denote the Teichmüller space of marked, hyperbolic metrics over S. Using
surfaces of constant extrinsic curvature, we define a real-analytic function
 :] − ∞, 0[×] − ∞, 0[×GHMC0 [S] → Thyp [S] × Thyp [S]
as follows. First, in [2], Barbot et al. show that for every GHMC Minkowski spacetime X ,
and for all k+ , k− ∈] − ∞, 0[, there exists a unique pair (+ , − ) where
(1) ± is a smooth Cauchy hypersurface in X ± ;
(2) ± is locally strictly convex in the sense that its shape operator is everywhere positive
definite; and
(3) ± has constant extrinsic curvature equal to k± .
Up to rescaling, the intrinsic metrics of ± are hyperbolic and the marking on X induces
markings on ± . In this manner ± define points in Thyp [S], and the function  is given by
(k+ , k− , X ) := (+ , − ).
We prove
Theorem 2.1 For all (k+ , k− ) ∈] − ∞, 0[2 , the map (k+ , k− , ·) defines a real-analytic
diffeomorphism from GHMC0 [S] into Thyp [S] × Thyp [S].
Remark 2.2 In particular, for any pair (g+ , g− ) of marked metrics over S of constant negative
curvature, there exists a unique, marked, GHMC Minkowski spacetime X such that (S, g+ )
and (S, g− ) embed isometrically as locally strictly convex Cauchy surfaces in its future- and
past-complete components respectively.
Remark 2.3 Theorem 2.1, together with a formal adaptation of the arguments of [11] and
[14], yields existence also in the case of variable curvature. That is, for any pair (g+ , g− ) of
marked, smooth, negative curvature metrics over S, there exists a marked, GHMC Minkowski
spacetime X := X + ∪ X − such that (S, g± ) embeds isometrically into X ± .

3 Proof of result
Given a hyperbolic metric h over S, a Codazzi field of h is defined to be a smooth section M
of End(T S) such that
(1) M is symmetric with respect to h; and
(2) d ∇ M = 0, where the covariant derivative is also taken with respect to h.
Remark 3.4 For any section M of End(T S),
d ∇ M = (∇ · M J )dAreah ,
where ∇· here denotes the divergence operator of h, J its complex structure, and dAreah its
area form. Furthermore, a section M of End(T S) is symmetric and trace-free if and only if the
section M J is also symmetric and trace free. In [15], Tromba studies symmetric, trace-free
sections M of End(T S) which satisfy ∇ · M = 0. It follows from the preceeding observations
that Tromba’s formalism transforms into our own by multiplication on the right by J .
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Recall now from [10] that, given two marked hyperbolic metrics h and h  , there exists a
unique Codazzi field B := B(h  , h) of h such that
(1) Det(B) = 1; and
(2) h(B·, B·) coincides with h  as a point in Thyp [S].
This field is referred to as the Labourie field of h  with respect to h. Consider now the function
F : Thyp [S] × Thyp [S] → R given by

Tr(B(h  , h))dAreah .
(3)
Fh  (h) := F(h  , h) :=


In [4], Bonsante et al. establish the following properties of F.
Lemma 3.1 Bonsante et al. [4]
(1) F is symmetric in h and h  .
Furthermore, for all h  ,
(2) Fh  is proper;
(3) Fh  is strictly convex with respect to the Weyl-Peterson metric; and
(4) Fh  attains a unique minimum at h = h  .
Bonsante, Mondello and Schlenker also determine a formula for the derivative of this
functional. For the reader’s convenience, we provide a simpler proof of this relation. First
recall that infinitesimal variations of a given hyperbolic metric are given by trace-free Codazzi
fields of that metric (c.f. [15]). We now have
Lemma 3.2 For every trace-free Codazzi field A of h,

1

D Fh (h)A = −
Tr(AB(h  , h))dAreah .
2 

(4)

Proof Denote B := B(h  , h) and identify h  with h(B·, B·). Consider an infinitesimal perturbation of h given by the trace-free Codazzi field A, that is
δh = h(A·, ·).
By definition,
Tr(A) = 0, and
d ∇ A = 0,
where ∇ here denotes the covariant derivative of h. Let δ B be the resulting infinitesimal
variation of the Labourie field. We have
h(AB·, B·) + h(δ B·, B·) + h(B·, δ B·) = (L X h  )(·, ·),
for some vector field X . From this we deduce that
B AB + Bδ B + δ B B = B M + M t B,
where M := ∇(B X ). Composing with B −1 and taking the trace then yields
1
Tr(δ B) = − Tr(AB) + ∇ · (B X ).
2
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Finally, since A is trace-free, the resulting infinitesimal variation of the area form dAreah
vanishes. It follows that

Tr(δ B)dAreah ,
D Fh  (h)A =


and the result now follows by Stokes’ Theorem.
The following orthogonal decomposition will also prove useful.
Lemma 3.3 Let h be a hyperbolic metric over S. For every Codazzi field M of h, there exists
a unique smooth function f : S → R and a unique trace-free Codazzi field A of h such that


(5)
M = A + f Id − Hessh ( f ) ,
where Hessh denotes the Hessian with respect to h. Furthermore, this decomposition is
orthogonal with respect to the L 2 -norm of h.
Proof Observe that when (5) is satisfied, we have
(

h

− 2) f = −Tr(M),

(6)

h

here denotes the Laplace operator of h. However, by the maximum principle, the
where
operator ( h − 2) is injective and, by the Fredholm alternative, it is a linear isomorphism.
Uniqueness of f , and therefore also of A, thus follows. Conversely, if f is the unique solution
of (6), then
A := M − f Id + Hessh ( f ).
is a trace-free Codazzi field, and existence follows. The second assertion follows by Stokes’
Theorem (c.f. [15]), and this completes the proof.
Having established these preliminaries, we now prove Theorem 2.1.
√
Proof
√ of Theorem 2.1 The main work lies in proving surjectivity. Set c1 := −k+ and c2 :=
−k− . Let h 1 and h 2 be marked hyperbolic metrics in Thyp [S]. Consider the function :
Thyp [S] → R given by
(h) :=

h 1 ,h 2 (h)

:= c1 Fh 1 (h) + c2 Fh 2 (h) = c1 F(h 1 , h) + c2 F(h 2 , h).

(7)

By Lemma 3.1, this function is proper and strictly convex with respect to the Weyl-Peterson
metric. It therefore attains a unique minimum at some point h 0 , say. Let ρ be the point of
Trep [S] corresponding to h 0 . We will show that ρ is the Fuchsian component of an affine
deformation whose corresponding marked GHMC Minkowski spacetime X solves
(k+ , k− , X ) = ((S, h 1 ), (S, h 2 )).
By (4), at this point

Tr(A(c1 B(h 1 , h 0 ) + c2 B(h 2 , h 0 )))dAreah 0 = 0,


(8)

for every trace-free Codazzi field A of h 0 . It follows by Lemma 3.3 that
c1 B(h 1 , h 0 ) + c2 B(h 2 , h 0 ) = f Id − Hessh 0 ( f ),
for some smooth function f : S → R.
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Now identify S with the quotient of H2 by ρ(π1 (S)) and identify B(h 1 , h 0 ), B(h 2 , h 0 ) and
f with their lifts to H2 . Next identify H2 with the future component of the unit pseudo-sphere
in R2,1 and identify T H2 with a subbundle of the trivial bundle H2 × R2,1 . In particular, this
identifies the fields B(h 1 , h 0 ) and B(h 2 , h 0 ) with sections of T ∗ H2 ⊗ R2,1 . Given a base
point x0 ∈ H2 , the functions X 1 , X 2 : H2 → R2,1 are defined by
 x
c1 B(h 1 , h 0 ) · ∂τ dτ, and
X 1 := U1 +
x0
 x
c2 B(h 2 , h 0 ) · ∂τ dτ,
(10)
X 2 := −U2 −
x0

where U1 and U2 are constant vectors to be determined. Indeed, since B(h 1 , h 0 ) and B(h 2 , h 0 )
are Codazzi tensors, both integrals are well-defined independent of the paths chosen from x 0
to x.
The functions X 1 and X 2 define respectively future- and past-oriented strictly convex
embeddings of constant extrinsic curvature equal to k+ and k− respectively. Furthermore,
these embeddings are equivariant with respect to the affine deformations (ρ, τ1 ) and (ρ, τ2 )
respectively, where the cocycles τ1 and τ2 are given by
 γ (x0 )
c1 B(h 1 , h 0 ) · ∂τ dτ + U1 − ρ(γ )U1 , and
τ1 (γ ) :=
x0



τ2 (γ ) := −

γ (x0 )
x0

c2 B(h 2 , h 0 ) · ∂τ dτ − U2 + ρ(γ )U2 .

It remains to show that τ1 = τ2 . However, in the present context, the support functions of X 1
and X 2 are given respectively by
φ1 (x) := X 1 (x), x, and
φ2 (x) := −X 2 (x), x.
and it follows upon integrating (9) that
φ1 (x) + φ2 (x) = f (x) + U1 + U2 − ∇ f (x0 ), x.
We therefore set
U1 + U2 = ∇ f (x0 ),
so that, since f is bounded,
Lim
x→∂∞

H2

φ1 (x)
φ2 (x)
= − Lim
,
2
cosh(d(x, x0 ))
x→∂∞ H cosh(d(x, x 0 ))

(11)

where d(x, x0 ) here denotes the distance in H2 from x0 to x. Recall now that φ1 and φ2
define continuous functions φ̃1 and φ̃2 over ∂∞ H2 (c.f. [3]). Furthermore, the convex hulls
in co-Minkowski space H2 × R of the graphs of these functions are the dual convex sets of
the Mess’ future and past domains of (ρ, τ1 ) and (ρ, τ2 ) respectively. By (11), φ̃1 = φ̃2 so
that these Mess’ future and past domains are components of the same GHMC Minkowski
spacetime. Since this uniquely defines the cocycle, we conclude that τ1 = τ2 , and surjectivity
follows.
Observe now that if X is the GHMC Minkowski spacetime associated to the affine deformation (ρ, τ ), if h ∈ Thyp [S] is the marked hyperbolic metric corresponding to ρ, and
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if (k+ , k− , X ) = ((S, h 1 ), (S, h 2 )), then h is in fact the unique minimum of the function
h 1 ,h 2 defined above. This proves injectivity. Finally, by elliptic regularity,  is real-analytic,
and since is strictly convex, analyticity of −1 follows by the inverse function theorem
for analytic functions. This completes the proof.
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